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We explore topological states with magnetic order in heavy-fermion systems by taking account of a
mirror symmetry. Although in the absence of spatial symmetry, there is no topological phase in the two-
dimensional (2D) antiferromagnetic phases at half filling, we demonstrate that a topological phase emerges in
the presence of mirror symmetry. This is explicitly shown for a 2D periodic Anderson model. Furthermore,
around quarter filling, our analysis shows that a half-metallic state emerges in the ferromagnetic phase,
where a spin-selective gap opens, resulting in nontrivial properties characterized by a Chern number. In
contrast to the previously proposed models, our scenario can even apply for spin-nonconserving systems in
the presence of spin-orbit coupling.
1. Introduction
Since the theoretical discovery of topological insulators
(TIs),1, 2) topological materials have been the subject of
intense theoretical and experimental investigation. Topo-
logical materials are characterized by their metallic sur-
face (edge) states protected by the topology of the bulk
wave function. A significant number of TIs have been
found so far this decade, including topological crystalline
insulators.3–6) Furthermore, closely related issues such
as topological superconductors,7–12) and Weyl semimet-
als13–18) have also been the focus of intense interest, and
topology has become a ubiquitous issue in condensed
matter physics.
Recently, the notion of TIs has been extended to
strongly correlated systems, such as topological Kondo
insulators.19, 20) In particular, SmB6
21, 22) has attracted
much attention as a promising candidate for the topolog-
ical Kondo insulator. This compound has been known as
a Kondo insulator for about 40 years, and it has been
recently proposed that the saturation of its electrical re-
sistivity at low temperatures is due to the topological
surface current. In addition to topological Kondo insu-
lators, there are intriguing topological phenomena23–35)
under electron correlations such as topological Mott insu-
lators,36–39) interaction-reduced classifications,40–58) and
the competition between long-range-ordered phases and
TIs.59–73) The strong correlation effects on topological
states are particularly interesting because of nontrivial
properties originating from the interplay between topol-
ogy and correlation.
In this paper, we focus on the topological proper-
ties in long-range-ordered phases such as ferromagnetic
(FM) and antiferromagnetic (AFM) phases. The emer-
gence of topological properties in the magnetic phases
has already been studied. For example, an antiferro-
magnetic topological insulator (AFTI)59) has been pro-
posed for three-dimensional (3D) systems. In such AF-
TIs, the translation symmetry is broken and the unit
∗E-mail address: kimura.kazuhiro.85n@st.kyoto-u.ac.jp
cell is doubled. The AFM order breaks time-reversal (Θ)
and primitive-lattice translational (T1/2) symmetries but
preserves their combined symmetry S = T1/2Θ. Under
this symmetry, the system has a Z2 topological num-
ber, which is related to the strong index of 3D topo-
logical insulators. Note, however, that this Z2 number
is allowed only for 3D systems, as confirmed by the pe-
riodic table.74–79) We here attempt to solve this prob-
lem and demonstrate that we can realize AFTIs even in
two-dimensional (2D) systems by taking into account a
mirror symmetry.
Concerning nontrivial properties in FM phases, a spin-
selective topological insulator (SSTI) was proposed for
heavy-fermion systems.66) This is a half-metallic FM
phase80–84) around quar]ter filling, where one spin sector
acquires a gap while the other remains gapless, which
is called a spin-selective gap. If the insulating sector
has a nontrivial topological number, we have an SSTI,
which is a unique TI embedded in a metallic phase. Un-
fortunately, however, it has been shown that this phase
emerges only in spin-conserving systems and is not gener-
ally compatible with the presence of spin-orbit coupling,
which is necessary for topological properties. Here, we
will overcome this difficulty and propose a way to realize
an SSTI for a spin-nonconserving system in the presence
of spin-orbit coupling.
We explore the above-mentioned topological states in
2D magnetically ordered phases by using an effective
model of the topological Kondo insulator for heavy-
fermion systems, and demonstrate how they can emerge
by using the Hartree-Fock (HF) approximation. Our
main idea for realizing such topological states in 2D mag-
netic phases is to take into account crystal symmetries,
in particular, a mirror symmetry. We address two kinds
of magnetic phases: a 2D AFM phase at half filling and
a half-metallic FM phase around quarter filling. By tak-
ing into account the mirror symmetry, we elucidate the
remarkable facts that a 2D AFM phase can have a topo-
logically nontrivial structure specified by a mirror Chern
number and that a half-metallic FM phase can have a
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topologically nontrivial structure specified by a Chern
number. An important point is that these states can ap-
pear for spin-nonconserving systems.
The rest of this paper is organized as follows. In Sect.
2, we introduce the model and the method. We then dis-
cuss the results for an AFTI at half filling in Sect. 3.1,
and a half-metallic FM topological insulator near quar-
ter filling in Sect. 3.2. In Sect. 3.3, we briefly address the
electron correlation effect on our topological phases. A
brief summary is given in Sect. 4.
2. Model and Method
We explore the topological properties of the heavy-
fermion systems by employing a 2D periodic Ander-
son model with nonlocal d-f hybridization.19, 20, 85, 86)
Specifically, we analyze the following topological pe-
riodic Anderson model showing band inversion at X
points29, 32, 87, 88)due to next-nearest-neighbor (n.n.n.)
hopping, which is important for describing SmB6. Here,
note that d-electrons are conduction electrons. In addi-
tion to the strong interaction Uf between f -electrons, we
also consider the interaction Ud between d-electrons. The
Hamiltonian reads
H =
∑
k
(
d
†
k f
†
k
)( ǫdk Vk
V †k ǫ
f
k
)(
dk
fk
)
+
∑
j;α(=d,f)
Uαn
α
j↑n
α
j↓, (1a)
with
ǫdk = [−2td(cos kx + cos ky)
−4t′d cos kx cos ky]σ0, (1b)
ǫfk = [ǫf − 2tf (cos kx + cos ky)
−4t′f cos kx cos ky]σ0, (1c)
Vk = −2[σx sin kx(V1 + V2 cos ky)
+σy sin ky(V1 + V2 cos kx)], (1d)
where ǫdk(ǫ
f
k) is the dispersion of d-(f -) electrons, Vk is a
Fourier component of the nonlocal d-f hybridization, and
k is a wave number. The annihilation operators are de-
fined as dk =
(
dk↑ dk↓
)T
and fk =
(
fk↑ fk↓
)T
. The
basis function for this model is (d↑, d↓, f↑, f↓)
T , where
σi(i = 0, x, y, z) are the Pauli matrices for spins. Here, td,
tf , t
′
d, and t
′
f are hopping parameters, V1 and V2 denote
the d-f hybridization, and ǫf is the difference between
the d- and f -electron energies. We consider the above
model on a 2D square lattice in the x-y plane, which is
a 2D version of the topological crystalline insulator in a
3D cubic lattice. The system has inversion symmetry, so
that the hybridization has odd parity, Vk = −V−k.
In order to study the ground state of the model in Eq.
(1), we employ the following HF approximation for the
Coulomb term:
nαi↑n
α
i↓ ∼ n
α
i↑〈n
α
i↓〉+ 〈n
α
i↑〉n
α
i↓ − 〈n
α
i↑〉〈n
α
i↓〉, (2)
where nαiσ(α = d, f) is the number operator. Here, 〈· · · 〉
denotes the expectation value at zero temperature.
We introduce the mirror operation Mz, which inverts
the z-axis,
Mz = i τz ⊗ σz , (3)
where τi(i = 0, x, y, z) specifies d- and f -electrons. In
order to consider the magnetically ordered topological
insulating states with a mirror symmetry, we introduce
the corresponding topological number. First, recall that
the Chern number in multiband systems is given as
C =
1
2π
∑
i
∫
S
[∇k ×Ai]zdkxdky, (4)
where Ai(k) = −i〈ui(k)|∇k|ui(k)〉 is the U(1) Berry
connection, where |ui(k)〉 is a Bloch state with occu-
pied band index i, which is an eigenstate of H(k). In the
mirror-symmetric system, all the eigenstates are char-
acterized by their mirror parities and divided into two
subspaces as
H(k) =
(
HMz=+i(k) 0
0 HMz=−i(k)
)
. (5)
The net Chern number C and the mirror Chern number
Cm are defined by the Chern numbers C±i obtained in
each mirror subspace, namely,
C = CMz=+i + CMz=−i, (6a)
Cm = (CMz=+i − CMz=−i)/2. (6b)
3. Results
We here separately discuss the obtained results for the
magnetic phases at half filling and around quarter filling
separately. The values of the parameters we employ in
the following are td = 1 (energy unit), t
′
d = −0.5, tf =
−td/5, t
′
f = −t
′
d/5, Ud = 2. Unless otherwise noted we
set (V1, V2) = (0.1,−0.4). The choice of these parameters
will be explained below. The magnetic properties of the
system are studied by the HF method and the Chern
number is calculated by the Fukui-Hatsugai method,89)
which is efficient for numerical calculations.
3.1 Antiferromagnetic phase
For a heavy-fermion system at half filling, there are
some AFM phases and a Kondo insulating phase in the
ordinary Doniac phase diagram. In contrast to a previous
study,59) we here demonstrate that the AFTI can emerge
in 2D mirror-symmetric systems. The model we employ
here is a topological mirror Kondo insulator introduced
in Refs 85, 86, and 90, which is a mirror-symmetric ex-
tension of the topological Kondo insulator. This model
was previously used to address a nonmagnetic Kondo in-
sulating phase. The net Chern number is zero, C = 0,
because of the time-reversal symmetry, but there is still
a possibility of having a non-zero mirror Chern number
Cm 6= 0. We elucidate below that the system can change
from a paramagnetic phase to an AFM phase without
breaking its mirror symmetry, thus leading to an AFTI.
The AFM phase, where the magnetization is along the
z-axis in our case, breaks a space translation symmetry
T1/2, and thus the period of the unit cell is doubled.
Time-reversal symmetry is also broken by the magneti-
zation, but we show that the net Chern number is zero
by using the combined symmetry S = ΘT1/2 of the time-
2
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reversal Θ and primitive-lattice translation T1/2.
We assume that the nesting vector isQ = (π, π) for the
AFM phase, which is justified for (t′d, t
′
f , V2) = (0, 0, 0),
see below. The mean-field Hamiltonian is given by
Hmfk =
(
ǫdk + h
d
int Vk
V †k ǫ
f
k + h
f
int
)
, (7a)
with
ǫdk = [−2td(cos kx + cos ky)ηx
−4t′d cos kx cos kyη0]σ0, (7b)
ǫfk = [ǫfη0 − 2tf (cos kx + cos ky)ηx
−4t′f cos kx cos kyη0]σ0, (7c)
Vk = −2[sinkx · σx(V1ηx + V2η0 cos ky)
+ sin ky · σy(V1ηx + V2η0 cos kx)], (7d)
hαint = Uα


〈nAα0↓ 〉 0 0 0
0 〈nBα0↓ 〉 0 0
0 0 〈nAα0↑ 〉
0 0 0 〈nBα0↑ 〉

 , (7e)
where α = d, f , and ηi(i = 0, x, y, z) are the Pauli
matrices for sublattice indices. The basis function is
(dA↑ , d
B
↑ , d
A
↓ , d
B
↓ , f
A
↑ , f
B
↑ , f
A
↓ , f
B
↓ )
T . The mirror operation
in the sublattice is
Mz = i τz ⊗ σz ⊗ η0. (8)
3.1.1 Case of (t′d, t
′
f , V2) = (0, 0, 0)
Fig. 1. (Color) Magnetic and topological properties for a sim-
plified model with only n.n. hopping and interaction, (t′
d
, t′
f
, V2) =
(0, 0, 0) and (Ud, V1) = (2.0, 0.1), obtained with the HF approx-
imation: (a) spin configuration of the AFM phase, (b) staggered
magnetic moments, (c) indirect gap and direct gap, (d) Chern num-
ber for each sector. In (b), the red dashed line denotes a spon-
taneous symmetry breaking (SSB) transition, the black dashed
line denotes a topological phase transition (TPT), and there is
a small hysteresis loop because of the first-order transition. In (c),
the indirect gap is the band gap between the conduction and va-
lence bands min(Econduction
k
−Evalence
k′
) (k is not necessarily equal
to k′) while the direct gap is the band gap at wave number k
min(Econduction
k
− Evalence
k
), where indirect gap ≤ direct gap. We
have a TI for Uf < 1.42, an AFTI for 1.42 < Uf < 2.72, and an
AF trivial insulator (AFI) for 2.72 < Uf . Except when Uf = 2.72,
the system is an insulator because of the finite indirect gap.
In order to see the essence of the results more
clearly, we start with a simplified model having only
nearest-neighbor (n.n.) hopping and hybridization, i.e.,
(t′d, t
′
f , V2) = (0, 0, 0). We first determine the easy axis
of the magnetization by using second-order perturbation
theory in the strong correlation limit. As a result, we
conclude that the z-direction is the easy axis. The detail
of the derivation is given in Appendix A. It turns out
that the magnetic moments of f - and d-electrons align
antiparallel at each site in the z-direction, as shown in
Fig. 1(a).
The mean-field results for (Ud, V1) = (2, 0.1) are sum-
marized in Figs. 1 (b)- 1 (d). Note that the results are not
sensitive to the value of V1. We obtain an AFTI phase
as shown in Fig. 1(b). At Uf = 2.72, there is a first-
order magnetic phase transition, and the spin configura-
tion for Uf > 2.72 in Fig. 1(a), where d- and f -electrons
align in the opposite directions, is in accordance with the
second-order perturbation analysis. We show the direct
and indirect gaps in Fig. 1(c). The former is important
for determining the topological structure, and we confirm
that there is indeed a finite direct gap in the AFM phase.
Note that the phase transition in Fig. 1(c) is a Lifshitz
transition, where gap closing seems to occur at a single
point. However, this is an accidental phenomenon due to
our choice of parameters. It is seen that the AFTI phase
extends between Uf = 1.42 and Uf = 2.72, where the
mirror Chern number takes a value of Cm = 1 in Fig. 1(d)
with the finite magnetization in Fig. 1(b). In the strong
interaction region, there is a topological phase transition
to a trivial phase at Uf = 2.72, where both the direct
and indirect gaps are closed. As seen from Fig. 1(d),
the transition is accompanied by a change in the mir-
ror Chern number from Cm = 1 to Cm = 0 while the net
Chern number is zero. This topological phase transition
is triggered by the competition between the two types of
gap. Namely, in the weak interaction region, the topolog-
ically nontrivial gap due to the nonlocal hybridization V1
is dominant, while in the strong interaction region, the
topologically trivial gap with the AFM order is domi-
nant. The competition between the two different states
gives rise to a topological phase transition accompanied
by gap closing (see Appendix B).
3.1.2 Case of (t′d, t
′
f , V2) = (−0.5, 0.1,−0.4)
We now investigate the model with a specific choice of
the parameters, (t′d, t
′
f , V2) = (−0.5, 0.1,−0.4). Impor-
tantly, these parameters can describe band inversions for
the X points in the 3D Brillouin zone (see Appendix C),
leading to a strong topological insulator phase, as ob-
served for SmB6 via angle-resolved photoemission spec-
troscopy measurements.21, 22) The results obtained for
topological and magnetic properties at half filling are
shown in Fig. 2(a). A prominent feature in this model
is that the system becomes metallic where the indirect
gap is closed in the AFM phase even at half filling, as seen
in Fig. 2(b). Note, however, that the topological proper-
ties still remain intact in this region because the direct
gap is not closed. Namely, the Chern number is still well
defined [Fig. 2(c)] in the region where the direct gap is
open. Thus, the topological properties remain even in a
3
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“metal”, and such a metal adiabatically connected to a
topological insulator is called a topological semimetal.
Note that this definition of a semimetal is standard in
condensed matter but slightly different from that for
Dirac/Weyl semimetals, which are zero-gap semiconduc-
tors by definition. Finally, there are several topological
phase transitions between different Chern numbers, as
seen in Fig. 2(c). This spin configuration is of the AFM-
II type in Fig. 2(d).
Summarizing all these results, we arrive at the phase
diagram shown in Fig. 3. The horizontal axis denotes the
strength of the interaction Uf and the vertical axis the
strength of hybridization V1. There are two AFM phases
in Fig. 3. The above analysis for the dashed blue line
in Fig. 3 (V1 = 0.1, V2 = −0.4) also applies to the re-
gion |V1| < |V2| where the spin configuration is of the
AFM-II type. In the AFM phase for these parameters,
a semimetallic AFM topological phase is realized, which
we refer to as an AFM topological semimetal. The mirror
Chern number has various values in the phase diagram,
which is due to the presence of n.n.n. hopping and hy-
bridization, and is enriched by Ud. The changes in the
mirror Chern number are driven by the shift of the f -
band. In general, a complex band structure brings about
various topological numbers (mirror Chern numbers), for
example, see Refs. 57 and 90. For reference, in Appendix
D, we show the phase diagram for Ud = 0, which is much
simpler than the one discussed above.
Fig. 2. (Color) Magnetic and topological properties for the effec-
tive model of SmB6, (t′d, t
′
f
, V2) = (−0.5, 0.1,−0.4) and (Ud, V1) =
(2.0, 0.1) at half filling: (a) staggered magnetic moments, (b) in-
direct gap and direct gap, (c) Chern number for each sector, (d)
spin configurations of the two AFM phases. In (a), there is a small
hysteresis loop because of the first-order transition. In (b), the
region where the indirect gap is closed is semimetallic, and the
points where the direct gap is closed denote the topological phase
transitions. In (c), there are two Chern numbers for two mirror sec-
tors, and the change in the Chern numbers signals the topological
phase transition. We have an AF topological semimetal (AFSM) for
1.8 < Uf < 3.25 and an AF trivial semimetal (AFS) for Uf < 3.25.
Here some comments on the difference between the
current results and the previous ones are in order. So
far, topological properties with the AFM order have been
studied in Refs. 61–65, focusing on the systems with spin
Fig. 3. (Color) Phase diagram of mirror-symmetric AFTI at half
filling for Ud = 2 as a function of the interaction Uf and hybridiza-
tion V1. The white (dashed) line denotes the topological (insulator-
metal) phase transition line and the black dashed line separates two
AFM phases, i.e., AFM-I and AFM-II. We set V2 = −0.4. In the
metallic region, the indirect gap is closed; thus, there is a Fermi
surface. However, the direct gap at the same wave number k is
not closed; thus, the Chern number is still well defined. The white
numbers are mirror Chern numbers. The mirror Chern numbers
are 4, 3, 2, 0, -1, and -2 in this figure.
U(1) symmetry. The Hamiltonian with spin U(1) symme-
try can be block-diagonalized for two spin sectors. In such
a case, the topology of the AFM phase is characterized
by the spin Chern number. In the presence of spin-orbit
coupling, however, such U(1) symmetry may disappear
generally. Here, we stress that the AFTI in our analy-
sis is more generic in the sense that our scenario does
not require spin U(1) symmetry. AFM systems respect-
ing mirror symmetry with strong spin-orbit coupling are
candidates for the AFTI proposed in this paper.
3.2 Ferromagnetic phase
We now move on to an intriguing topological half-
metallic state. Around quarter filling in the Kondo lattice
system, it has been known that a half-metallic FM phase
dubbed a spin-selective Kondo insulator80–84) appears,
where a spin-selective gap opens, namely, one spin sec-
tor is metallic while the other is insulating. This has been
demonstrated for spin-conserving systems and has been
extended later to a topological version referred to as a
spin-selective topological insulator (SSTI),66) where the
insulating sector has topologically nontrivial properties.
A crucial problem in the previous proposals is that all the
results on the SSTI rely on spin U(1) symmetry, which
will disappear in the presence of spin-orbit coupling in
general. Thus, one might naively think that the SSTI
cannot appear in reality. To overcome this difficulty, we
here demonstrate that by using a mirror symmetry, such
a topological half-metallic state can indeed exist in the
2D FM phase.
In Figs. 4 and 5, we show the results obtained around
quarter filling. At a filling of 0.335 and Ud = 0, a FM
phase emerges, as seen in Fig. 4(a), where the magneti-
zation has a hysteresis loop. From the density of states
(DOS) shown in Fig. 4(b), we find that the system is
metallic at Uf = 0, whereas the system is half-metallic at
4
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Fig. 4. (Color) Magnetic and topological properties around
quarter filling for (Ud, Uf ) = (0, 4) and filling of 0.335: (a) magneti-
zation of f - (d-) electrons, where the Chern number for the gapped
sector is plotted in the inset. (b) DOS at Uf = 0 and Uf = 4, (c)
gap of insulating sector, (d) electron filling for each mirror sector,
(e) spin configurations. In (a), the red (blue) line represents d- (f -)
electron magnetization and the black line the total magnetization.
For all Uf , the system has the same Chern number C−i = −3 in
the mirror sector Mz = −i. In (b), we show the DOS for the sector
of Mz = +i (Mz = −i) by the blue (red) line, where the chem-
ical potential µ is indicated by the dashed black line. In (c), the
blue line is the gap of the mirror sector Mz = −i. In the region of
Uf > 2.3, the sector Mz = −i is an insulator. We have a metallic
state at Uf = 0, while at Uf = 4, we have the SSTI, where the
sector Mz = +i (Mz = −i) is a metal (an insulator).
Uf = 4 with theMz = +i sector being metallic while the
Mz = −i sector is insulating, as seen in Fig. 4(c). This
mirror-selective gap gives rise to the nontrivial topologi-
cal number C−i = −3 in Fig. 4(a), resulting in a mirror-
selective topological insulator where the filling of the in-
sulating sector is always half, as seen in Fig. 4(d). This
spin configuration in Fig. 4(e) is of the FM-I type.
All these results are put together in the phase dia-
gram of Fig. 5, shown as functions of the strength of
the interaction Uf and the filling in the system. There
are two FM phases having different types of spin con-
figuration in Fig. 4(e) and the system has competition
between two magnetic orders. We also study the case in-
cluding the finite interaction Ud, as shown in Appendix
E. At Ud = 2, there is no topological phase, in contrast
to the above-mentioned case of Ud = 0 in Fig. 5, which
shows a nontrivial topological phase in some parameter
region. Summarizing, we find the mirror-selective topo-
logical insulator in a half-metallic FM phase, which can
emerge for spin nonconserving systems, in contrast to the
previous proposals.
3.3 Electron correlation effect
So far, we have discussed the nontrivial topological
states in the AFM phase and the half-metallic FM phase
in the HF approximation. One may ask what will hap-
pen if electron correlations are taken into account beyond
Fig. 5. (Color) Phase diagram of mirror-selective topological in-
sulator around quarter filling for Ud = 0. The white dashed line de-
notes the insulator-metal phase transition line and the black dashed
line separates two FM phases, i.e., FM-I and FM-II. In the half-
metallic region, the sector Mz = −i has a finite gap and the sector
Mz = +i is metallic. The white numbers are mirror Chern num-
bers of the sector Mz = −i in the whole region. The blue dashed
line represents the filling of 0.335.
the HF treatment. Here, we argue that the topological
properties obtained from the mean-field Hamiltonian can
persist even if we consider electron correlations by, for ex-
ample, dynamical mean-field theory, provided the Mott
transition is absent according to Refs. 91–95. Recall that
the Chern number of each mirror sector is given in terms
of the Green’s function as
Cσ =
∫
dωd2k
24π2
Tr[ǫµνρGσ∂µG
−1
σ Gσ∂νG
−1
σ Gσ∂ρG
−1
σ ],
(9)
where ǫµνρ is a totally antisymmetric Levi-Civita tensor,
and (∂0, ∂1, ∂2) = (∂ω , ∂kx , ∂ky ), k = (ω,k). Summation
is assumed over repeated indices µ, ν, ρ = 0, 1, 2. σ spec-
ifies the mirror parity and Gσ is the full single-particle
Green’s function, which is related to the free Green’s
function Gσ0 via G
−1
σ (iω,k) = G
−1
σ0 (iω,k) − Σσ(iω,k),
where Σσ(iω,k) is the self-energy. In the present treat-
ment, Gσ is a 4 × 4 (2 × 2) matrix in the AFM (half-
metallic FM) case. According to Refs. 93 and 95, the
Chern number is determined by the topological Hamil-
tonian heffσ (k) = −G
−1
σ (0,k) = −G
−1
σ0 (0,k) + Σσ(0,k).
This is because the Chern number does not change under
the smooth deformation as
Gσ(iω,k, λ) = (1− λ)Gσ(iω,k) + λ[iω +G
−1
σ (0,k)]
−1,
(10)
where λ ∈ [0, 1], provided detGσ 6= 0 and detG
−1
σ 6= 0 are
satisfied. The cases of detGσ = 0 and detG
−1
σ = 0 respec-
tively correspond to the gap closing or the emergence of
Mott insulators with Im[Σ(0,k)]→ −∞. Therefore, pro-
vided the Mott transition does not occur, the electron
correlation effect on the AFM (half-metallic FM) phase
can be treated with the renormalized band insulator, and
thus the HF results may not be changed qualitatively,
although the phase diagram should be modified quanti-
tatively.
5
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4. Summary
We have explored two topological states in the
AFM/FM phases by taking account of the mirror sym-
metry in heavy-fermion systems. Concretely, in reference
to topological crystalline insulators, we have proposed
2D topological crystalline insulating states in magnetic
phases for interacting systems. In particular, we have
shown that in the AFM phase at half filling there is a
topological state characterized by a mirror Chern num-
ber. In the case of a SmB6 film, an AFM topological
semimetallic phase is expected. We have also shown that
in the half-metallic FM phase around quarter filling, the
spin-selective topological insulating state characterized
by a Chern number is realized.
In contrast to the previous studies, which assumed spin
U(1) symmetry to obtain such topological properties in
the magnetic phases, our proposal is that these phases
can be realized even in the absence of spin U(1) sym-
metry by taking into account crystalline symmetry in
magnetic phases. Generally, spin U(1) symmetry is not
preserved in the presence of spin-orbit coupling; thus,
the present scenario without respecting spin U(1) sym-
metry will provide a feasible platform to realize magnetic
topological insulators for 2D systems.
In this paper, we have employed the HF approxima-
tion to address the above phases. We have discussed the
correlation effects qualitatively and shown that the topo-
logical properties of these states may not change in the
presence of correlation effects. Nevertheless, more elab-
orate calculations should be carried out to confirm this
conclusion, which is now under consideration. In addi-
tion, a 3D version of the mirror-selective topological in-
sulator has been discussed.96) It might be interesting to
study how our mirror-selective topological insulator ex-
tends to three dimensions by increasing the thickness of
the layers.
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Appendix A: Spin Configurations in Strong
Correlation Limit
In this Appendix, we determine the magnetization
axis by using second-order perturbation theory to clar-
ify whether the magnetization is mirror-symmetric or
not. For simplicity, we use the model with V2 = 0, t
′
d =
0, t′f = 0 at half filling. Starting from the strong correla-
tion limit Uf ≫ 1, we use the normalized hybridization
V1/Uf as a perturbation parameter. We use the following
relations between the spins Sαi (α = d, f and i = x, y, z)
of d-/f -electrons and the fermionic operators diσ and fjσ
with spin indices σ =↑, ↓ and site indices i, j:
Sdxi · S
f
xj =
1
2
∑
σ=↑,↓
(
d†iσdiσ¯f
†
jσfjσ¯ + d
†
iσdiσ¯f
†
jσ¯fjσ
)
,
(A·1a)
Sdyi · S
f
yj =
1
2
∑
σ=↑,↓
(
−d†iσdiσ¯f
†
jσfjσ¯ + d
†
iσdiσ¯f
†
jσ¯fjσ
)
,
(A·1b)
Sdzi · S
f
zj =
1
2
∑
σ=↑,↓
(
d†iσdiσf
†
jσfjσ − d
†
iσdiσf
†
jσ¯fjσ¯
)
,
(A·1c)
ndi · n
f
j =
∑
σ=↑,↓
(
d†iσdiσf
†
jσfjσ + d
†
iσdiσf
†
jσ¯fjσ¯
)
.
(A·1d)
The hybridization term then results in the following ex-
change interaction via the second-order perturbation:
H ′ =
∑
i∈x
J ixdf S
d
xi · S
f
xi−1 + J
iy
dfS
d
yi · S
f
yi−1 + J
iz
dfS
d
zi · S
f
zi−1
+
∑
i∈x
J ixdf S
d
xi−1 · S
f
xi + J
iy
dfS
d
yi−1 · S
f
yi + J
iz
dfS
d
zi−1 · S
f
zi
+
∑
j∈y
Jjxdf S
d
xj · S
f
xj−1 + J
jy
df S
d
yj · S
f
yj−1 + J
jz
df S
d
zj · S
f
zj−1
+
∑
j∈y
Jjxdf S
d
xj−1 · S
f
xj + J
jy
df S
d
yj−1 · S
f
yj + J
jz
df S
d
zj−1 · S
f
zj ,
(A·2)
where J i,αdf (i = x, y and α = x, y, z) are the coupling
constants between d- and f -electrons. For the spin con-
figuration along the x-axis, the coupling constants sat-
isfy J ixdf = Jdf > 0, J
iy
df = −Jdf < 0, and J
iz
df = −Jdf < 0,
while for the y-axis, they satisfy Jjxdf = −Jdf < 0, J
jy
df =
Jdf > 0, J
jz
df = −Jdf < 0 (see Table. A·1), and Jdf =
2V 21 (
1
ǫf
+ 1Uf−ǫf ) > 0, where ǫf is the chemical poten-
tial of f -electrons. From only this constraint, we cannot
yet determine the spin configuration at the ground state.
When tdd = tff = 0, the spins can be polarized along the
x- or y-direction without energy loss.
We then consider another perturbation expansion in
tf/Uf for Uf ≫ 1. It induces the AFM interaction
JffS
f
i · S
f
j (Jff < 0), giving rise to frustration in these
cases. As a result, the easy axis of the magnetization
is the z-axis, preserving the mirror symmetry, and the
ground state of this model prefers the configuration hav-
ing the staggered AFM order in Fig. A·1, where all
other magnetic configurations are frustrated. Those for
d-electrons and f -electrons align in the opposite direc-
tions at the same site.
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Table A·1. Exchange couplings obtained for the spin-half 2D
periodic Anderson model with nonlocal d-f hybridization using
second-order perturbation theory from the strong correlation limit.
Jx
df
, Jy
df
, and Jz
df
are coupling constants for the effective spin model,
where superscripts x, y, and z specify the quantization axis for the
spin. There are two spin configurations along the x- and y-axes. +
(−) means an antiferromagnetic (AF) [ferromagnetic (F)] coupling.
Jx
df
Jy
df
Jz
df
x-axis +(AF) −(F) −(F)
y-axis −(F) +(AF) −(AF)
Fig. A·1. (Color) Spin configuration in real space, where all the
spins align along the z-axis. The blue (red) lines denote the d- (f -)
level and the bold black/gray arrows denote spins. The dashed blue
(orange) lines indicate the AF (F) coupling, where we consider the
perturbation in V1/Uf and tf /Uf . There is no frustration and a
configuration having a staggered AFM phase is realized, where f -
and d-electrons align antiparallel at each site.
We further consider the perturbation expansion in
td/Ud for Ud ≫ 1 because d-electrons have reasonably
strong correlation. It turns out that this term induces
the AFM interaction JddS
d
i · S
d
j (Jdd < 0) with no frus-
tration in this order if the easy axis of magnetization is
the z-axis. In this situation, the coupling constants are
modified as Jdf = 2V
2
1 (
1
Ud+ǫf
+ 1Uf−ǫf ) > 0 but the sign
is unchanged. We thus conclude that the easy axis of the
magnetization is the z-axis and a staggered AFM phase,
where f - and d-electrons align antiparallel at each site,
is realized.
Appendix B: Competition Between Two Types
of Gap in the Case of (t′d, t
′
f , V2) =
(0, 0, 0)
In this Appendix, we investigate the competition be-
tween two types of gap, topologically trivial and nontriv-
ial gaps, in a simplified model with only n.n. hopping
and interaction, (t′d, t
′
f , V2) = (0, 0, 0) and (Ud, V1) =
(2.0, 0.1). There are two origins of this competition, one
is the shift of the f -band Uf 〈n
AorBα
0σ 〉 and the other is
the change in the nonlocal hybridization Vk.
We first note that the Hamiltonian [Eq. (7)] can be
block-diagonalized for two mirror sectors in the presence
of mirror symmetry. We focus on one of the mirror sectors
because both have the same band structure. The sector
Mz = +i is constructed from (d
A
↑ , d
B
↑ , f
A
↓ , f
B
↓ ) while the
sector Mz = −i is constructed from (d
A
↓ , d
B
↓ , f
A
↑ , f
B
↑ ).
At Uf = 0, a band inversion occurs between the sec-
ond and third bands from the bottom in Fig. B·1(a).
Here, for simplicity, four bands are labeled as follows; the
first and fourth bands from the bottom originate from d-
electrons, whereas the second and third bands originate
from f -electrons. The insulating phases are classified ac-
cording to the band structure; (i) a band inversion occurs
between the second and third bands, and the chemical
potential lies between these d- and f -bands, (ii) a band
inversion does not occur and the chemical potential lies
between the d- and f -bands, and (iii) the chemical po-
tential lies between different d-bands. The first type (i)
has the nontrivial topological structure shown in Figs.
B·1(a)- B·1(c), whereas the second type (ii) in Fig. B·1(d)
and the third type (iii) in Fig. B·1(e) do not have non-
trivial topological structures.
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Fig. B·1. (Color) Energy spectra for a simplified model with
only n.n. hopping and interaction, (t′
d
, t′
f
, V2) = (0, 0, 0) and
(Ud, V1) = (2.0, 0.1), obtained with the HF approximation: (a)
Uf = 0, (b) Uf = 2.5, (c) Uf = 2.65, (d) Uf = 3.0, (e) Uf = 3.6.
The red dashed line denotes the position of the chemical potential.
We first discuss the shift of the f -band, which is the
Hartree shift due to the interaction Uf . To this end, it
is sufficient to consider the Hartree shift in sublattices
A and B only for one of the mirror sectors. The linear
dependence of the direct gap on Uf after the TPT in Fig.
1(c) can be understood by this Hartree shift, as described
below. Before the TPT, the chemical potential is between
the inverted d- and f -bands but after the TPT, the chem-
ical potential is between the non-inverted d- and f -bands
or between the d-bands. In the region where the chem-
ical potential lies between the inverted d- and f -bands,
the direct gap proportional to the Hartree shift for one
of the f -bands causes the linear dependence on Uf as
seen in Fig. 1(c). On the other hand, when the chemical
potential lies between different d-bands, the direct gap is
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not affected by the Hartree shift for the f -band, leading
to an almost unchanged gap size. Since the direct gap
caused by the Hartree shift does not have a topologically
nontrivial structure, the system is topologically trivial.
X Γ X 
X 
(a)
(b)
(c)
(d)
(e)
Uf = 0
Uf = 2.5
Uf = 2.65
Uf = 3.0
Uf = 3.6
M M 
X Γ X 
X M M 
X Γ X 
X M M 
X Γ X 
X M M 
X Γ X 
X M M 
Fig. B·2. (Color) Wave number that brings about the lowest di-
rect gap for a simplified model with only n.n. hopping and interac-
tion, (t′
d
, t′
f
, V2) = (0, 0, 0) and (Ud, V1) = (2.0, 0.1), obtained with
the HF approximation: (a) Uf = 0, (b) Uf = 2.5, (c) Uf = 2.65,
(d) Uf = 3.0, (e) Uf = 3.6.
The above explanation becomes much clearer if we
take into account the effect of the nonlocal hybridiza-
tion Vk, which is an odd function of k. An important
point is that Vk vanishes at the X points (Vk=X = 0),
which allows us to understand the characteristic behav-
ior, in particular, in the region before the TPT in Fig.
1(c). By calculating the wave number dependence of the
gap size, we determine the wave number that gives the
smallest direct gap in Fig. B·2. At Uf = 0, this wave
number is located in the middle between the Γ and X
points. With increasing Uf , the band structure around
the Fermi level is changed by the Hartree shift as in Figs.
B·1(b), and B·1(c) and the above-mentioned wave num-
ber approaches the X point in Fig. B·2, making the gap
size smaller. This is because around the X point the hy-
bridization Vk becomes small, and therefore the direct
gap rapidly decreases around the TPT in Fig. 1(c). Just
after the TPT, the above wave number is still located
around the X point in Figs. B·2(d) and B·2(e). Thus,
the direct gap is caused only by the Hartree shift, giving
rise to a linear dependence on Uf , as already mentioned
above.
Appendix C: Three-Dimensional Effective
Model of SmB6
The 3D effective model Hamiltonian85, 86, 90) reads
Hk =
∑
k
(
d
†
k f
†
k
)( ǫdk Vk
V †k ǫ
f
k
)(
dk
fk
)
(C·1a)
with
ǫdk = [−2td(cos kx + cos ky + cos kz)
−4t′d(cos kx cos ky + cos ky cos kz
+coskz cos kx)]σ0,
(C·1b)
ǫfk = [ǫf − 2tf (cos kx + cos ky + cos kz)
−4t′f(cos kx cos ky + cos ky cos kz
+coskz cos kx)]σ0,
(C·1c)
Vk = −2[σx sin kx(V1 + V2(cos ky + cos kz))
+σy sin ky(V1 + V2(cos kz + cos kx))
+σz sin kz(V1 + V2(cos kx + cos ky))],
(C·1d)
where ǫdk(ǫ
f
k) is the dispersion of d-(f -) electrons, Vk is
the Fourier component of the nonlocal d-f hybridization,
and k is the wave number. The annihilation operators
are defined as dk =
(
dk↑ dk↓
)T
, fk =
(
fk↑ fk↓
)T
.
The basis function for this model is (d↑, d↓, f↑, f↓)
T ,
where σi(i = 0, x, y, z) are the Pauli matrices for spins.
The concrete values of the parameters we employ are
td = 1 (energy unit), t
′
d = −0.5, tf = −td/5, t
′
f = −t
′
d/5.
Note that this model has three band inversions at X
points29, 32, 87, 88) as shown in Fig. C·1. Our 2D effective
model is introduced to properly take into account this
inversion property.
Fig. C·1. (Color) Energy spectrum of the model for 3D SmB6.
The thick lines are the band structures of d- and f -electrons,
(V1, V2) = (0.1,−0.4). The thin lines show the bare energies of
d- and f -bands for the same parameters but with vanishing hy-
bridization (V1, V2) = (0, 0). The band inversion at the X point is
realized.
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Appendix D: Antiferromagnetic Topological In-
sulator at Half Filling for Ud = 0
We investigate the topological and magnetic proper-
ties at half filling in the case of Ud = 0. The obtained
phase diagram is shown in Fig. D·1. In contrast to the
case with finite Ud shown in Fig. 3, the phase diagram is
much simpler, but we still find a topologically nontrivial
region. Note that in the AFM phase, the system becomes
a topological semimetal, as mentioned in the main text.
Fig. D·1. (Color) Phase diagram of mirror-symmetric AFTI at
half filling for Ud = 0. The white (dashed) line denotes the topo-
logical (insulator-metal) phase transition line. Here, V1 is the n.n.
hybridization and the n.n.n. hybridization V2 = −0.4 is fixed. The
white numbers are mirror Chern numbers. In the metallic region,
the indirect gap is closed, as mentioned in the main text.
Appendix E: Mirror-Selective Topological Insu-
lator near Quarter Filling for Ud =
2
We investigate topological and magnetic properties
around quarter filling in the case of Ud = 2. The ob-
tained phase diagram is shown in Fig. E·1. We find that
in the FM phase, the system is in a half-metallic state
but is not topological, in contrast to the finite Ud case
shown in Fig. 5.
Fig. E·1. (Color) Phase diagram of mirror-selective topological
insulator around quarter filling for Ud = 2. The black line sepa-
rates the topological phase and trivial phase, while the white line
separates the half-metallic phase and the metallic phase. In the
half-metallic region, the sector of Mz = −i is an insulator and the
other sector is a metal. The color plot shows the strength of the
magnetization.
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